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It is well-known that electric spin angular momentum and electric orbital angular momentum are
conserved under paraxial propagation of travelling waves in free-space. Here we study the electric
and magnetic angular momentum in counter-propagating waves and show both theoretically and
experimentally that neither component alone is conserved except in special cases. We attribute this
non-conservation to spin-spin and orbit-orbit coupling between the electric and magnetic fields. This
work generalises previous findings based on travelling waves, explains the apparent spin-orbit cou-
pling in counter-propagating paraxial light, and broadens our understanding of angular momentum
conservation in arbitrary structured light waves.
The angular momentum (AM) of light has contributions
from both the spin angular momentum (SAM) and the
orbital angular momentum (OAM) components. The for-
mer is dependent on the polarization of the light, with
a purely left- and right-handed polarized beam carrying
SAM of ~ and −~ per photon, respectively. The OAM is
related to the spatial structure of the beam, specifically,
a vortex phase of topological charge ` results in OAM
of `~ per photon [1–3]. Over the past few years, there
has been enormous interest in the interactions between
SAM and OAM due to its fundamental importance [4–6]
and emerging applications in nanophotonics [7–9]. Spin-
orbit (SO) interaction often occurs in non-paraxial beams
including evanescent waves [10, 11], scattering [12–14],
and tight focusing processes [15, 16]. Recently, SO in-
teraction was reported in counter-propagating paraxial
beams in free-space [17], but could not explain why the
total electric AM was not conserved. In this paper, we
propose that the non-conservation of electric angular mo-
mentum, including SAM, OAM and total AM, is a gen-
eral phenomenon in counter-propagating beams. We at-
tribute this phenomenon to spin-spin and orbit-orbit in-
teraction between the electric and magnetic fields. Pre-
viously it has been shown that the electric and magnetic
fields contribute equally in travelling paraxial beams [18],
but now we make clear that while this is true, it is only so
for travelling waves; counter-propagating beams do not
obey this rule. We support our hypothesis by a theoreti-
cal framework that is validated by experiment, and offer
a new perspective on spin-spin and orbit-orbit coupling
in propagating light.
Theory. To begin, we consider a monochromatic elec-
tromagnetic field in free-space; by adopting the so-called
electric-magnetic democracy formalism [19], the SAM
density s and OAM density l can be written as [20]
s =
1
4ω
Im[0E
∗ ×E+ µ0H∗ ×H],
l = r× po,
(1)
for a radius vector of r, with the orbital linear momentum
density po defined as
po =
1
4ω
Im[0E
∗ · (∇)E+ µ0H∗ · (∇)H], (2)
and the spin linear momentum density as
ps =
1
2
∇× s, (3)
for an angular frequency of ω. For compactness we have
used the notation A·(∇)B = Ax∇Bx+Ay∇By+Az∇Bz,
and all other terms have their usual meaning. The total
linear momentum is found from the sum of the orbital
and spin contributions, p = po + ps. Since the total
linear momentum is proportional to the time-averaged
Poynting vector (energy flow density), po and ps can be
regarded as the orbital and spin parts of this energy flow
density: orbital flow density (OFD) and spin flow den-
sity (SFD), respectively [21, 22]. We see from Eqs. (1)-
(3) that the SAM, OAM, OFD and SFD consist of two
separate terms: the first is only dependent on the elec-
tric field while the second term is only dependent on the
magnetic field. Therefore, in the following, we will use
superscripts e and m to distinguish between these elec-
tric and magnetic contributions. Now we ask if there
is coupling between these terms in counter-propagating
light.
In a travelling wave, the magnitudes of the electric
and magnetic fields are proportional, so the spin and
orbital angular momentum contributions by the electric
and magnetic fields are equal [19]. However, the situa-
tion changes in counter-propagating beams. To illustrate
this, we consider a general counter-propagating beam in
which the slow dependence of the electromagnetic field on
z is neglected (we assume without loss of generality that
the beams are collimated). In cylindrical coordinates this
can be expressed in a general form as
E⊥ = u+(r, φ) exp(ikz) + u−(r, φ) exp(−ikz),
Ez =
i
k
∇⊥ · [u+ exp(ikz)− u− exp(−ikz)],
(4)
where ∇⊥ = ex∂x + ey∂y, k = ω/c is the wavenumber,
and c is the speed of light. The total electric field is
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2E = E⊥ + Ezez, in which Ez is obtained by ∇ · E = 0.
The first term with exp(ikz) is the part whose direction
of propagation is parallel to the unit vector ez, while
the second term with exp(−ikz) is antiparallel to ez.
In this notation, u+ and u− are positive- and negative-
propagating modes, respectively, and can be any struc-
tured light field: Laguerre-Gaussian, Hermite-Gaussian,
cylindrical vector vortex beams, and so on. Since the
wavenumber, k, is very large, the longitudinal component
of the electric field is much smaller than transverse com-
ponent. Small but not negligible, as we will show that the
longitudinal electromagnetic field plays a significant role
in transverse SFD in counter-propagating beams. Us-
ing the first-order approximation [21], the magnetic field
H = H⊥ +Hzez is
H⊥ =
1
cµ0
ez × [u+ exp(ikz)− u− exp(−ikz)],
Hz =
i
ωµ0
∇⊥ · (ez ×E⊥).
(5)
It should be noted that there is an extra minus sign in
the second term of the transverse magnetic field. If the
two parts of transverse electric field are in phase, the
two parts of transverse magnetic field will be exactly out
of phase, which means they contribute unequally to the
momentum.
In paraxial beams, only the z-component of the SAM
and OAM is of primary relevance: Sz and Lz, respec-
tively. They are the sum of the electric and magnetic
contributions, Sz = S
e
z + S
m
z and Lz = L
e
z + L
m
z , and
found from the SAM and OAM densities
Sez =
∫ ∫
sezrdrdφ
1
~ω
∫ ∫
wrdrdφ
, Smz =
∫ ∫
smz rdrdφ
1
~ω
∫ ∫
wrdrdφ
,
Lez =
∫ ∫
lezrdrdφ
1
~ω
∫ ∫
wrdrdφ
,Lmz =
∫ ∫
lmz rdrdφ
1
~ω
∫ ∫
wrdrdφ
,
(6)
with the energy density w defined as
w = 14 (0E
∗ ·E+ µ0H∗ ·H)
= 120
(|u+|2 + |u−|2) . (7)
In Eq. (6), sez, s
m
z , l
e
z and l
m
z are the longitudinal electric
SAM density, magnetic SAM density, electric OAM den-
sity and magnetic OAM density, respectively. The nu-
merators in Eq. (6) are the global SAM/OAM while the
denominators represent the number of photons. Equa-
tion (7) shows that the energy density w is independent of
z, which means the number of photons (or the energy) is
conserved. Therefore, whether the angular momenta per
photon (Sez , S
m
z , L
e
z and L
m
z ) are conserved is equivalent
to whether the global angular momenta are conserved.
After a little algebra (see Supplementary Information),
one finds
sezez ∝ E∗⊥ ×E⊥ = u+∗ × u+ + u−∗ × u−
+ u+∗ × u− exp(−i2kz) + u−∗ × u+ exp(i2kz)
Sz =
~Im
{∫ ∫
ez · r(u+∗ × u+ + u−∗ × u−)drdφ
}∫ ∫
(|u+|2 + |u−|2)rdrdφ
Lz =
~Im
{∫ ∫
(u+∗ · ∂φu+ + u−∗ · ∂φu−)rdrdφ
}∫ ∫
(|u+|2 + |u−|2)rdrdφ .
(8)
The first two terms of E∗⊥ × E⊥ give the contribution
of the positive- and negative-propagating parts of the
electric SAM, respectively. The last two terms are cross
contributions, which are not zero except in some spe-
cial cases. We conclude that the electric SAM is not
conserved, which seems contrary to intuition. The total
OAM and SAM are both independent of z, so they are
conserved. In the special case that u− = 0, the field
degenerates into a one-way travelling beam; the cross
contribution vanishes and the electric SAM is again con-
served, consistent with intuition and prior reports [18].
Similar conclusions can be also reached on the magnetic
SAM, electric OAM and magnetic OAM (see Supplemen-
tary Information).
Example. To make this practical for testing, con-
sider a vector beam that is composed of a superposition
of two orthogonally polarized Laguerre-Gaussian modes,
LGp,`(r, φ) (carrying OAM of `~ per photon) given by
u+ = 12 [exp(iα)LGp1,`1eR + exp(−iα)LGp2,`2eL],
u− = 12 [exp(iβ)LGp1,`1eR + exp(−iβ)LGp2,`2eL],
(9)
where eR = (ex − iey)/
√
2 and eL = (ex + iey)/
√
2
represent the unit vector of right- and left-circularly
polarized states, respectively, and α and β define the
phase relation between the two states. When α = β,
the polarization states of the positive-propagating and
negative-propagating components are the same. When
|α − β| = pi/2, their states are orthogonal. In Eq. (9),
the weight factors of the right- and left-circularly polar-
ized components are equal (for simplicity, but can easily
be generalized). The SAM and OAM per photon carried
by the right-circularly polarized component is −~ and
`1~, respectively, and ~ and `2~ for the left-circularly po-
larized component. Hence, the total SAM and OAM per
photon are 0 and (`1 + `2)~/2, respectively.
To test the theory, we engineer our modes with no ra-
dial content (p1 = p2 = 0) since global SAM and OAM
are independent of radial modes, a Rayleigh length of
≈ 6 m so that the fields can be regarded as collimated,
and set α = 0, β = pi/2 and `1 = 1 and `2 = 3, shown
schematically in Fig. 1(a), with full details of the experi-
ment given in the Supplementary Information. The elec-
tric SAM, OAM and AM per photon were measured and
compared to theory, shown in Fig. 1(b). As predicted,
they are all non-conserved qualities which increase and
3FIG. 1. (a) Conceptual sketch of the counter-propagating
beam, with intensity and phase distributions for p1 = p2 = 0,
α = 0, β = pi/2 and `1 = 1 and `2 = 3 at z = 0 shown. (b)
Simulated (lines) and experimental (points) results of global
electric SAM, OAM and total AM per photon. The insets
show the intensity and phase distributions of the field at z =
λ/8 (trough) and z = 3λ/8 (peak). Error bars are too small
to be seen.
decrease in phase resulting in no global spin-orbit cou-
pling (in this case). The right- and left-circularly polar-
ized components are both standing waves with nodes at
z = λ/8 and z = 3λ/8, respectively, where the superpo-
sition is a scalar mode (see Supplementary Information).
Moving along the axis from z = λ/8 to z = 3λ/8, a purely
LG0,1 mode with right-circular polarization is gradually
transformed into a left-circularly polarized LG0,3 mode,
causing both OAM and SAM to increase, with the pro-
cess reversed from z = 3λ/8 to z = 5λ/8. The expla-
nation for this non-conservative requires consideration of
the magnetic field component.
Spin-spin coupling. Using the earlier analysis, the
electric SAM and magnetic SAM per photon for our ex-
perimental example can be expressed as
Sez =
1
2~ sin(α− β) sin(2kz),
Smz =
1
2~ sin(β − α) sin(2kz).
(10)
Figure 2 (a) shows the calculated electric, magnetic and
total SAM per photon as a function of z, with experimen-
tal electric data in good agreement with theory. We find
that the electric and magnetic SAM vary while the total
SAM is always zero, which we interpret as spin-spin cou-
pling between the electric and magnetic fields. This cou-
pling results from the polarization variation in our vecto-
rial beam: we have a standing wave in polarization struc-
ture rather than intensity. According to Eq. (10), the
coupling will vanish when the polarization states of the
positive-propagating part and the negative-propagating
part are the same, that is, when |α−β| = 0 or pi, because
the polarization structure is then invariant along the z-
axis. When their polarized states are orthogonal, that is,
|α−β| = pi/2, the coupling will be the strongest. In other
cases, the coupling still exists but varies in strength.
The longitudinal SAM density and transverse SFD (su-
perimposed arrows) are shown in Fig. 2 (c), with the ex-
perimentally reconstructed electrical component in the
first row and the simulation in the second, third and
fourth rows. We see that the electric longitudinal SAM
density and transverse SFD from z = 0 to z = λ/2 are
the same as the magnetic part from z = λ/2 to z = 0.
The opposite variability of electric and magnetic SAM
density causes invariant total SAM density, as shown in
the last row of Fig. 2 (c). The transverse electric SFD
was calculated from
pes⊥ =
1
2 [∇⊥sez × ez + ez × ∂zse⊥] . (11)
In a one-way travelling collimated beam, the second
term is always zero, but not so in our theoretical exam-
ple. In our experimental measurement, we used a con-
structed counter-propagating beam, resulting in the dis-
parity in the theoretical and experimental SFDs. The
second term in Eq. (11) is dependent on the longitu-
dinal electric field while the longitudinal electric SAM
density is circularly symmetrical (because of the circu-
lar symmetry of LG modes), so the first term only has
an azimuthal component. Thus, the reconstructed ex-
perimental electric SFD, first row of Fig. 2 (c), is ei-
ther clockwise or anticlockwise. In counter-propagating
beams, the second term is no longer zero because of
the cross contribution from the positive-propagating and
the negative-propagating beams. This term makes the
modes of counter-propagating beams vary between left-
circularly polarized (LG0,3) and right-circularly polarized
(LG0,1) modes. For example, from z = λ/8 to z = 3λ/8,
the electric mode is transformed from an LG0,1 mode into
a LG0,3 mode, and vice versa for the magnetic mode.
Orbit-orbit coupling. For our test example, the elec-
tric and magnetic OAM can be expressed as
Lez =
1
2
~
[
l1 cos
2(kz + α−β
2
) + l2 cos
2(kz + β−α
2
)
]
,
Lmz =
1
2
~
[
l1 sin
2(kz + α−β
2
) + l2 sin
2(kz + β−α
2
)
]
.
(12)
In Fig. 2 (b) we show simulations for the electric, mag-
netic and total OAM per photon as function of z, with
the measured electric OAM shown as data points, in ex-
cellent agreement with theory. This confirms orbit-orbit
coupling between the electric and magnetic fields. This
coupling is not guaranteed, and instead is dependent on
both the spin states and the (OAM) topological charges,
`1 and `2. There are three cases in which the coupling
will vanish: (1) when `1 = `2 = 0, neither the right-
nor the left-circularly polarized components of the beam
4FIG. 2. Spin-spin coupling and orbit-orbit coupling between the electric and magnetic fields. We show the electric, magnetic
and total (a) SAM and (b) OAM per photon, theory (lines) and experimental electric data (points). In (c) and (d) we show
the corresponding longitudinal SAM and OAM densities (false colour plots), respectively, overlaid with their transverse SFD
and OFD (black arrows) in the XY-plane. The first row of each shows the experimentally reconstructed densities and flows for
the electric component, while the second, third and fourth show the simulations.
have a vortex phase, leading to zero electric OAM and
zero magnetic OAM, so no possibility of orbit-orbit cou-
pling; (2) when α = β and `1 = −`2, the polarization is
structurally invariant along the z-axis and the OAM con-
tributed by the two component cancel: both the electric
and magnetic OAM will be zero; (3) when |α− β| = pi/2
and `1 = `2, the spin states of the counter-propagating
components are orthogonal, and the electric energy per
unit length is conserved. Thus `1 = `2 results in a balance
between the electric OAM contributed by the two com-
ponents - the electric and magnetic OAM are both con-
served independently and the coupling appears to vanish.
Finally, the longitudinal OAM density and transverse
OFD (superimposed arrows) are shown in Fig. 2 (d), with
the experimentally reconstructed electrical components
(first row) in excellent agreement with theory (second
row). We see that the electric longitudinal OAM den-
sity and transverse OFD from z = 0 to z = λ/2 are the
same as the magnetic part from z = λ/2 to z = 0. The
opposite trend of electric and magnetic OAM density re-
sults in an invariant total OAM density, as shown in the
last row of Fig. 2 (d). The transverse electric OFD,
peo⊥ = l
e
zeφ/r, has no radial component and is indepen-
dent of the longitudinal electric field. Further, since the
topological charges `1 and `2 are both positive, the trans-
verse OFD (magnetic or electric) is always anticlockwise,
resulting in a longitudinal OAM density that is always
positive. If one topological charge is positive and the
other is negative, OFD reversal occurs.
Conclusion. We have demonstrated that generally
held conservation rules appear to be violated in counter-
propagating vectorially structured light beams, which
we confirm by experiment. We reconcile this by con-
sidering terms that are traditionally held to be zero or
‘the same’, and interpret the results as spin-spin and
orbit-orbit coupling. With this we are able to explain
some anomalies previously reported, while reducing to
the well-known results for travelling waves under spe-
cial cases. We find that in general the total longitudi-
nal SAM and OAM are both conserved, while neither
the electric part nor magnetic part are conserved inde-
pendently. This work generalises previous findings based
on travelling waves, explains the apparent spin-orbit cou-
pling in counter-propagating paraxial light, and broadens
our understanding of angular momentum conservation in
arbitrary structured light waves.
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